
Flow of a Falling Film into a Pool 
Complete interfacial profiles are generated for the gravity flow of a thin 

a m  into a stagnant pool. The profiles show standing waves and a rapid thin- 
ning of the film just above the static meniscus over the pool. Such effects are 
encountered, for example, at  the bottom of wetted wall columns. 
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SCOPE 

Standing waves are observed where a liquid film or jet 
enters a relatively large pool. Examples include flow at 
the bottom of a wetted wall column and flow at the rear 
of long bubbles in tubes. These exit effects must some- 
times be considered in equipment design. Although several 
analyses of exiting flows have been reported, predictions 
of complete interfacial profiles have yet to be made. 

The purpose of this study is to elucidate the mechanism 
of film flow down a vertical wall into a relatively large pool 
of arbitrary geometry and to make predictions of the flow 
field and interfacial shape. Another aim is to illustrate a 
straightforward method for simplifying and solving the 
governing equations which can readily be generalized to 
situations where the wall is not vertical, for example, or 
where the interface is stagnant. 

CONCLUSIONS AND SIGNIFICANCE 

The film thins in a transition zone between the fully de- 
veloped flow upstream and the reservoir by the following 
mechanism. Far upstream the film thickness is uniform, 
and the pressure in the liquid is atmospheric; however, 
the pressure beneath the curved and essentially static 
meniscus over the pool is subatmospheric because of the 
capillary pressure drop across the interface. Consequently, 
there is a pressure gradient in the transition zone. The 
film thins to develop a horizontal shear stress gradient to 
balance this capillary pressure gradient, which is gen- 
erally larger than a hydrostatic pressure gradient. At low 
flow rates, the film thickness in the transition zone is much 
smaller than the film thickness far upstream. For a given 

Hydrodynamic end effects for flow into a stagnant pool 
have been reported by several investigators. Cook and 
Clark (1973) described the standing waves which form 
at the bottom of wetted wall columns whether or not sur- 
face active agents are present, Merson and Quinn (1964, 
1965) established that surfactants collect at the interface, 
forming a stationary film which can be centimeters in 
length. When such a film forms, small ripp!es of the in- 
terface just upstream mark its extent (Lynn et al., 195527; 
Mockros and Krone, 1968). Lynn et al. (1955a), Nysing 
et al. (1958), and Nijsing et al. (1959), who employed 
surfactants to control surface waves, made corrections for 
hydrodynamic end effects in their mass transfer studies. 
Cullen and Davidson (1957) described analogous end ef- 
fects for liquid jets, and Bretherton (1961) found stand- 
ing waves at the rear of long bubbles rising in capillary 
tubes. 

Here, the hydrodynamics of the gravity driven flow of 
a film down a vertical wall into an essentially stagnant 
pool is studied. The upstream thickness of the film is pre- 
sumed small in comparison to the characteristic dimen- 
- 
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upstream film thickness, increasing Reynolds number tends 
initially to decrease the minimum film thickness. A series 
of standing waves, whose amplitude rapidly decreases in 
the upstream direction, forms above the transition zone. 

Although there are three distinct regions, one set of 
simplified equations can predict the features and extent of 
exiting flow. This set of simplified equations is arrived at 
by discarding only those terms in the complete set of gov- 
erning equations which are unimportant over the entire 
flow domain. Patching schemes or singular perturbation 
methods are much more difficult to u% when characteristic 
length scales are disparate in three zones. 

sion of the pool. In this situation, dynamic forces are im- 
portant only in the descending thin film, and the pool is 
capped by a static meniscus. Estimates show that at the 
lowest flow rates there must be three disparate horizontal 
(cross film) length scales. The smallest length scale oc- 
curs in the transition zone between the pool and the 
developed flow upstream. Here, the film thins, and its 
average velocity increases as the pressure in the film drops 
from atmospheric pressure to that found beneath the 
curved static meniscus. 

The governing equations of capillary hydrodynamics 
are simplified by casting off terms which are not impor- 
tant in any of the three zones. The numerical solution 
generated for the simplified equations is exact when the 
Reynolds number is zero and approximate when the Rey- 
nolds number is nonzero. In this way, complete interfacial 
profiles are generated for this flow which exhibit standing 
waves, and the expected thinning of the film just above 
the pool is confirmed. The flow in the transition zone is 
influenced by any changes in pool geometry which affect 
the static meniscus. The analyses closest to that which 
follows are by Bretherton (1961) and by Wilkes and 
Nedderman ( 1962), 
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GOVERNING EQUATIONS 

A Newtonian liquid flows down a vertical wall at the 
volumetric flow rate per unit width Q into a pool or 
reservoir. Far upstream the flow is fully developed, and the 
film thickness D equals (3~Q/pG)”3. The flow is steady 
and two dimensional. 

An X-Y Cartesian coordinate system has its X axis on 
the wall, with X increasing in the downstream direction. 
Dimensionless coordinates x and y are in units of the 
capillary length C, where C = (a/pG) ‘b is the character- 
istic dimension of static menisci whose shape is influenced 
by gravity. The components of the velocity vector are 
made dimensionless with pGD2/p, the characteristic speed 
far upstream, and the pressure over atmospheric pressure 
is made dimensionless with pGC, a measure of hydrostatic 
pressure. The dimensionless x and y components of veloc- 
ity are u and u, respectively, and the dimensionless pres- 
sure is p .  The film profile is given by y = h (x)  . 

The Navier-Stokes equation and boundary conditions 
then take the form 

u-* d-2( dY 
1 
2 3  

- - y z )  tJ-, 0, h-, d ( x -  -to) 

u = o ,  u = o  ( y = O )  

R = pZGD3/$ = 3pQ/p is the Reynolds number, and 
d = D/C is the ratio of the film thickness far upstream 
to the capillary length. The curvature of the film profile is 
K = h,, ( 1 + hX2) -3/2. In the special case considered 
below, the downstream boundary condition comes from 
specification of the static meniscus which caps the pool. 

MECHANISM FOR FILM THINNING IN THE EXIT REGION 

The thickness of the film upstream D is considered to be 
small in comparison with the characteristic dimension of 
the pool. Consequently, dynamic effects are negligible in 
the reservoir, and the pool of liquid is well described by 
a hydrostatic pressure field beneath a static meniscus. Al- 
though the pressure in the film is atmospheric far up- 
stream it is below atmospheric by the amount o / E  at 
the top of the nearly hydrostatic region, where E i s  the 
radius of curvature of the static meniscus close tc the wall. 
A pressure gradient therefore exists in the transition zone 
between the region of fully developed flow upstream and 
the hydrostatic pool. In the case of nearly rectilinear, low 
Reynolds number flow, a viscous stress gradient across the 
film will balance this pressure gradient. The following 
estimates predict that the film thins in the transition zone 
to produce a viscous stress gradient large enough to bal- 
ance the capillary pressure gradient. 

In the transition zone, let the characteristic vertical 

dimension be X and the characteristic film thickness be Y .  

The capillary pressure gradient in the film u / E X  is dic- 

tated by the rate of change of profile curvature Y/X3: 

A A 

A 

A A  

This pressure gradient is balanced by the cross film gradi- 
ent of the shear stress, which is estimated for nearly recti- 
linear flow: 

A 
v / E i  - pQ/Y3 (3)  

Together, these two results imply that 

(4 )  

( 5 )  

A Y/D E 3 / 5 0 1 / 5 / c 4 / 5  

A 
X/D z E4/5/D215C2/5 

When the flow rate is sufficiently small, therefore, the 
film is estimated to be much thinner in the transition zone 
than it is far upstream. Additionally, it is anticipated that 
the film thickness in the transition zone is less, for identi- 
cal flow rates, the more highly curved is the static meniscus 
over the pool. Finally, comparison of the estimate obtained 
above for the capillary pressure gradient in the transition 
zone with a hydrostatic pressure gradient suggests that 
gravity is of secondary importance where the film is thin- 
nest. 

SIMPLIFICATION OF THE GOVERNING EQUATIONS 

When the flow rate is so low that the characteristic 
dimension of the pool into which the film flows is much 
larger than D, the film thickness far upstream, dynamic 
forces are of secondary importance in the pool, and the 
liquid/air interface is a static meniscus. The equations of 
capillary hydrostatics follow from Equations (1) when all 
dynamic terms are omitted: 

o = - p , + l ;  o = - p y  (6% b )  
~ + K = O  ( y = h )  (6c) 

The integration of Equations ( 6 )  gives rise to a hydro- 
static pressure field and a one-parameter family of static 
menisci. A convenient identifying parameter is given by 

a! = K Z +  2h,(l + hX2)-” (7)  
That a is a constant when Equations (6) hold is easily 
verified upon differentiation. 

Because the absolute value of the final term in Equa- 
tion (7)  is no greater than 2, (Y is essentially the square of 
the curvature of highly curved menisci. For the special 
case of an unbounded reservoir, K + 0 as h, -+ 00, and a 
= 2. For cz < 2, the meniscus has an inflection point, and 
a! then relates to the slope at this point. When (Y = 0, 
the slope of the meniscus is zero at the inflection point. 
Those static menisci for which 01 is negative are not en- 
countered in what follows. 

Dynamic forces are important in the thin film above the 
pool. If the slope there is everywhere small, then u d/h,  
u - h,u, and the flow is nearly rectilinear. On the assump- 
tion that each y differentiation of an independent variable 
is of order unity, while each x differentiation is of order 
llhx]l << 1, it follows that the dominant terms of Equation 
(1) are 

Rd-’(uu, 1- uuy) = - d-2px + u y y  + d-2 (8a) 
O = d-zp,; u, + uy = 0 (8b, c )  

p + ~ = 0 ,  uy=0,  u = h , u  ( y = h )  ( 8 d , e , f )  

1 
u+ [ dzj - T y z ]  u-, 0, h-,  d ( x +  0 0 )  

( 8g, h, i) 
u = o ,  u = o  ( y = O )  ( 8 b  k) 

In Equation ( 8 d )  K,  the profile curvature, should be ap- 
proximated by hzx, EQ - a 2  
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To obtain a set of governing equations which can de- 
scribe both the dynamic flow in the film and the hydro- 
static pool, the above two sets of simpliEed equations are 
combined. This re uires only that in Equation ( 8 4  K 

not be replaced byjxl.  The expectation is that the result- 
ing equations, which contain all the terms estimated to be 
important in one region or another, can generate an ap- 
proximate solution over the entire domain. 

SOLUTION PROCEDURES 

An approximate solution of Equations (8) is sought 
using the technique of wcighted residuals, method of mo- 
ments (Finlayson, 1972). The lowest-order polynomial 
representation of the x component of velocity is 

1 
u = (d/h3) (hy - - 2 y2) (9) 

It satisfies boundary conditions (8e ) ,  (8g ) ,  and (8 j ) .  
This form for u is exact when the Reynolds number is 
zero. The concomitant representation of the y component 
of velocity is 

which obeys boundary conditions (8h)  and (8k). To- 
gether, these expressions for u and u satisfy the continuity 
Equation (8c) and the kinematic boundary condition 
( S f ) .  According to Equation (8b),  the pressure is uniform 
across the film, and consequently Equation (8d) gives the 
pressure in the film. Substitution for p, u, and in Equa- 
tion (8a) yields a residual which depends upon y only if 
the Reynolds number is nonzero. When the weighted 
integral of this residual across the film, with unity as the 
weighting function, is set to zero, the following ordinary 
differential equation results for the film profile: 

0 = ( y/h)h,u (10) 

0 hZxl( 1 + hZ2) -"2 - 3hzhZz2( 1 + hz2) -"' 
+ 1 - ( d / h ) 3  * (1  - 2RhJ15) (11) 

Two boundary conditions determine the solution of 
Equation (11) to within a vertical translation, First, 
h -+ d as x + - co. The profile is then fixed by specifying 
a; that is, the static meniscus which describes the surface 
of the pool is specified. For instance, ,OL = 2 for a pool of 
unbounded extent. 

RESULTS 

Numerical integrations of Equation (11) confirm expec- 
tations. The transition region for one profile is plotted in 
Figure 1. Here, d= loW4, R = 0, and (Y = 2. The three 
horizontal length scales of the flow are evident, Above the 
transition region is a series of standing waves whose ampli- 
tude diminishes rapidly in the upstream direction. 

These gross features of the flow can be explained as 
follows. Static menisci with small slope and curvature near 
the wall (a near zero) curve in toward the wall as x in- 
creases, while static menisci with small slope and large 
curvature near the wall ( a  of magnitude unity or greater) 
curve away from the wall as x increases. Therefore, far 
upstream, where the slope and curvature of the film pro- 
file are small, the meniscus turns back to the wall once 
the film thickens and dynamic forces diminish in impor- 
tance, The average velocity of the thinning film increases, 
as does the shear stress gradient across the film. As a re- 
sult, the pressure in the film falls, and the meniscus eventu- 
ally curves away from the wall. This process recurs with 
increasing amplitude until the curvature of the film pro- 
file at a trough becomes so large that the dynamic menis- 
cus blends with a static meniscus which curves away from 
the wall. The film then ends in a hydrostatic pool. 

I '  I I I I 

I 

x 

Fig. 1. Film profile for d = 10-4, a = 2, R = 0. 

In Figure 2 are plots for several values of d of the mini- 
mum thickness of the film, computed as a fraction of the 
upstream film thickness, as a function of a, which identi- 
fies the static meniscus over the reservoir. The Reynolds 
number is zero, and so the numerical solution of the sim- 
plified equations is exact. Also shown are plots of the 
maximum thickness of the ripple immediately upstream 
from the transition zone, As a becomes larger, the curva- 
ture of the static meniscus increases, and the minimum 
film thickness decreases. This is expected [see Equation 
(4) ]  because a larger pressure drop occurs across the 
transition zone as the curvature of the static meniscus in- 
creases. Moreover, the plots confirm that the minimum 
fractional film thickness is O(d1'5) as d + 0. There are 
indeed three horizontal length scales in the limit d + 0. 

In Figure 3, the initial effects of increasing Reynolds 
number are shown for the case d = 0.01. When the 
Reynolds number is nonzero, the simplified equations are 
solved only approximately. Nevertheless, the calculations 
should establish the Reynolds number at  which inertia 

lo 

E 
I I ,a2:] 5 

.01 
.01 . I  I 10 

I / a  
Fig. 2. Minimum film thickness and the maximum thickness of the 
ripple just upstream from the transition zone for R = 0. 1, d = 

10-5; 2, d = 10-4; 3, d = 10'3; 4, d = 10-2; 5, d F 10-1. 
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Fig. 3. Minimum film thickness and the maximum thickness of the 
ripple just upstream from the transition zone for d = 10-2. 1, R 

= 0; 2, R = 100; 3, R = 300. 

begins to be a factor and show the initial effects of ac- 
celerations. In the case shown, the Reynolds number must 
be greater than 100 before inertial effects are important, 
and the minimum film thickness initially decreases as the 
Reynolds number increases. 

DISCUSSION 

As the differential Equation (11) is integrated into the 
region of the static meniscus, h becomes much larger than 
d. Viscous effects diminish at the rate ( d / l ~ ) ~ ,  and inertial 
effects diminish almost as quickly. Consequently, the film 
profile rapidly becomes a static meniscus, and LY, which 
was computed at each step of the integration, becomes a 
constant. Thus, retaining the dynamic terms even into the 
hydrostatic region caused no difficulties. Because the wall 
is stationary with respect to the reservoir, the velocity 
becomes uniformly small across the film as h/d  becomes 
large. This is an advantage for the approximate solution 
technique employed here. 

All terms of the unsimplified Equations (1)  were cal- 
culated at several steps during each integration. The terms 
estimated to be negligible were, in fact, relatively small, 
and so the approximate solution technique is at least self- 
consistent. 

Wilkes and Nedderman (1962) presented simplified 
equations which are identical to those given here for the 
dynamic portions of the flow domain. However, Wilkes and 
Nedderman linearized the equations about the asymptotic 
flow upstream and consequently overlooked the transition 
zone. Moreover, they were unable to generate boundary 
conditions for the exiting flow and so did not determine 
it uniquely. Wilkes and Nedderman did, however, con- 
sider the case of a stagnant interface. Their approach to 
this complication can readily be combined with the solution 
procedure used here. 

Bretherton (1961), studying the rise of a long bubble 
in a capillary tube under the influence of gravity, pre- 
sented simplified equations for the dynamic and static re- 
gions equivalent to those given here. Rather than com- 
bine the equations, Bretherton considered the dynamic 

and static regions separately and patched his two results 
together. This worked well for the front portion of the 
bubble, where the flow is from an essentially stagnant and 
relatively large region into a thin film. Ruschak and 
Scriven (1977) have recently shown that the method of 
matched asymptotic expansions can be applied to this 
type of situation and that there are only two horizontal 
(cross film) length scales in the limit of small film thick- 
ness. 

Bretherton’s approach is less suited to the rear portion 
of the bubble, where the flow is from a thin film into a 
relatively large and essentially stagnant region and where 
there are three horizontal length scales. In this situation, 
his differential equation for the film thickness in the 
dynamic region cannot be integrated to infinity in the 
downstream direction to obtain a match with the static 
meniscus. If the method of matched asymptotic expansions 
is applied, three limits of the problem solution must be 
examined as film thickness tends to zero, The resulting 
complications are so great that this approach was aban- 
doned early in the present work. It is not at all clear 
how Bretherton proceeded at the rear of the bubble; he 
merely states that his patching scheme can be carried out. 

NOTATION 

c =  
D =  
d =  
E =  
G =  
h =  
P =  
Q =  
u =  
2 , =  x =  
Y =  
Y =  

x =  

(a /pG)  ‘’2, capillary length 
upstream film thickness 
D/C 
curvature of static meniscus 
acceleration of gravity 
film thickness, dimensionless 
pressure, dimensionless 
volumetric flow rate per unit width 
x component of velocity, dimensionless 
y component of velocity, dimensionless 
vertical coordinate 
x/c 
horizontal coordinate 
Y/C 

Greek Letters 
Q = static meniscus parameter 
K = profilecurvature 
p = viscosity 
p = density 

= surface tension 
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Liquid-Solid Mass Transfer in Packed Beds 
with Downward Concurrent Gas-Liquid Flow 
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Mass transfer coefficients were determined by measuring the rate of soh- 
tion of cylindrical 3 or 6 mm benzoic acid tablets into water in the presence 
of flowing nitrogen, helium, or argon. Gas flow rates varied from 0 to 1.6 kg/ 
(m2.s) and liquid flow rates from 0.5 to 25 kg/(mZ.s), resulting in hydrody- 
namic flow patterns varying from trickle to turbulent pulse types of flow. 
In the pulse regime, the mass transfer coefficient was markedly affected by 
gas flow rate but did not depend on gas density explicitly if correlated in 
terms of an energy dissipation function. 
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SCOPE 

I t  is necessary to be able to characterize liquid-solid mass 
transfer in packings representative in size and shape to 
those encountered in industrial trickle-bed reactors and at 
gas and liquid flow rates representative of industrial prac- 
tice in order to understand some of the reasons for the 
performance of existing reactors and to design and scale- 
up new reactors. 

Until fairly recently, the only information available was 
a study by van Krevelen and Krekels (1948) in the ab- 
sence of forced gas flow. During the course of the present 
work, several other studies were published (Table 1) based 
in almost all cases on measurements of the rate of solution 
of a slightly soluble organic material in water in the pres- 

ence of air or nitrogen. In the present work, mass trans- 
fer coefficients were similarly determined by measuring the 
rate of solution into distilled water of benzoic acid cylindri- 
cal tablets, 3 X 3 or 6 X 6 mm in size. However, a wide 
range of flow conditions was covered, from single phase 
liquid flow in the presence of stagnant gas to highly puls- 
ing gas-liquid flow. Liquid flow rates were varied from 0.5 
to 25 kg/(mZ.s). Gas flow rates were varied from 0 to 1.6 
kg/(m2.s) and encompassed a tenfold variation in gas 
density by use of helium and argon as well as nitrogen. 
The mass flow rates of liquid and gas studied encompass 
essentially the whole range of interest in industrial trickle- 
bed reactors. 

CONCLUSIONS AND SIGNIFICANCE 

The nature of the flow regime has a major influence on 
the rate of mass transfer, and different types of correla- 
tions are applicable in different regimes. 

Results were obtained in terms of the product ks4, 
where ks is the liquid-solid mass transfer coefficient, and 4, 
which was not measured separately, is the fraction of the 
external surface area of the packing that is wetted with flow 
ing liquid. Values of ks+ varied by a factor of about 50 
over the range of conditions studied and are expressed in 
terms of a Sherwood number. At a constant gas flow rate 
and particle size, ks+ always increased with increased liq- 
uid flow rate. At fixed liquid flow rate and particle size, 
increasing gas flow rate from zero increased mass transfer 
by a maximum of only about 10% within the trickle regime 
but increase to cause pulsing increased mass transfer by a 
factor of as much as 2.6. A decrease in particle diameter 
from 6 X 10-3 to 3 X 10-3 m caused an increase in ks+ 
in all flow regimes. 
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A packed bed may be caused to flood deliberately, for 
example, by forcing the liquid exiting from the bed to flow 
upwards through an external tube before allowing it to flow 
downward; again. At  zero or low gas flow rate, when the 
bed is not caused deliberately to flood, the true hydrody- 
namic flow pattern may be trickle flow with incomplete or 
complete wetting, or the bed may instead flood naturally, 
as shown schematically on Figure 8. 

Correlations are presented for predicting mass transfer 
in the various regimes, and present results are compared 
and contrasted to previous studies, For incomplete wetting 
(Re < 60), our data and the data of Specchia et al. (1976) 
for cylinders are correlated by Equation (4). For flooded 
flow, mass transfer is well predicted by the equation of 
Carberry (1960) rewritten for cylinders as Equation (3). 
In the pulse regime, mass transfer coefficients are well de- 
scribed by an energy dissipation function, Equation (13). 
When thus expressed, the mass transfer coefficient did not 
depend explicitly on gas density. 
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